is denoted by Ao B ( = HAB + BA)). A Jordan ideal 3 in a JC-algebra 31 is a Jordan algebra 3 <= 31 such that AoBe3 whenever AeVL and Be3. By a C*-homomorphism of a C*-algebra into another C*-algebra we mean a linear self-adjoint map preserving squares of self-adjoint operators (viz.eb(A2) = eb(A)2). Since such a map ep is positive and carries the identity into a projection its norm equals 1 if its domain 31 has an identity except if ep = 0, in which case the norm is 0. If not we can extend eb to a C*-homomorphism of 31 with an identity adjoined to it by eb(XI + A) = XI + eb(A), where I on the right side denotes the identity in the smallest C*-algebra with identity containing 0(31). Thus eb still has norm 1, hence is uniformly continuous.
2. Jordan algebras. In this section we shall give an intrinsic characterization for a /C-algebra to be the self-adjoint part of a C*-algebra. We shall need some notation.
Definition 2.1. Let 31 be a JC-algebra. Then 5R(3i) denotes the uniformly closed real algebra generated by 31. (31) denotes the C*-algebra generated by 31. Thus operators of the form Z!*= y YlT^i^tJ w'tft ^*1 xn ^ are uniformly dense in
5R(3I). If we by ¿9î(3l) mean operators of the form i A, A e 51(31) then 91(31) + ¿9î(3I)
is uniformly dense in (31).
Remark 2.2. If 31 is a JC-algebra, then 9Ï(3I) n ¿91(31) is an ideal in (31). In fact, if ^,Be9î(3i) and C = iD e 9t(31) O ¿9?(3I) then
iA + iB)C = AC + iBiD = AC-BDe 91(31), and similarly (A + iB)C e ¿91(31). Thus (A + iB)C e /?(3I) n ¿91(31). Since 91(31) n ¿R(31) is uniformly closed, and operators of the form A + iB with y4,Be9?(3I) are uniformly dense in (31), 9t"(3I) n ¿9Î(3I) is a left ideal in (31), and symmetrically a right ideal. Definition 2.3. If g is a family of operators we denote by ^SA the self-adjoint operators in g. Definition 2.4. If3Iisa JC-algebra then 31 is reyersí/j/e if P[j'=1/li + n^n^i e3I whenever Ay,---,Ane% where by n¡n=i^¡ we mean the product AyA2---An, in the indicated order.
As pointed out to us by D. Topping, reversible Jordan algebras have been studied by P.M. Cohn [1] . He showed that it suffices to show that products of form Y[t= \A¡ + n¡l=4'4¡ are in 31 in order that 31 be reversible. We shall not make use of this fact. Thus A-Be (3)M = 3-Ae% and (31)^ -31.
We remark that the converse is also true in the above lemma. We shall now show that conditions (1) and (2) Proof. We first assume the identity I can be halved, i.e. there exist orthogonal projections E and F with E + F = I and a partial isometry V in 31 such that VV* = E,V*V = F. Then E -F, ¿(K-V*), V+V* are self-adjoint unitaries in 31, and il = (£ -F)¿(F-V*)iV+ V*).
In the general case there exists a central projection P in 31 such that 3IP has no finite type I portion and 3I(f -P) is finite and type I. Thus 3I(/ -P) is the direct sum of n x n matrix algebras M" over abelian von Neumann algebras, where Proof. We may consider 21 as a weakly dense subalgebra of its second dual 21**. By assumption 21** has no central abelian projections; indeed, if E were one, then the map A -* AE is an abelian representation of 21**, hence an abelian representation of 21, nonzero since 21 is weakly dense in 21**. By Lemma 2.14 2IÎ* s (SO? + (51**)i + (51?*)11-Thus <R(5IS/(r =51**. In fact, let A ell**. Proof. By Lemma 2.12, Conditions (1) and (2) are sufficient. Conversely, assume 31 = (3l)S/l-It is then clear that 31 is reversible. By Lemma 2.8, 31 has no Jordan representations onto R if and only if (31) has no representations onto C, in which case the theorem is immediate from Lemma 2.15. Otherwise let 3 be the intersection of the kernels of all one dimensional representations of (31). Then 3 has no one dimensional representations, in fact if p were a one dimensional representation of 3 let p be an irreducible extension of p to (31). Then p(3) is an irreducible C*-algebra, since it is an ideal in p((3I)), and is abelian since isomorphic to p(3)-Thus p is a one-dimensional representation of 31, hence p(3) = 0, a contradiction. By Lemma 2.8, 3s¿=-D»"> hence 9JÏ is in particular reversible (a fact which also follows from Lemma 2.10). By Lemma 2.15, 9Î(9JÏ) = ¿ 9Î(9JÎ).
The proof is complete.
A simple related result is the following.
Theorem 2.17. Let 31 be a JC-algebra with identity I. Assume 31 is reversible and ¿7e9?(31). Then 3Í = (3t)Si4.
Proof. By Remark 2.2 5R(3I) n ¿9Î(3I) is an ideal 3 in (31).
Since 31 is reversible 3s^ <= 31 by Remark 2.5. By hypothesis ¿fe3> hence 3 = 0-H) and («Dm-*. 3 . C*-homomorphisms. In this section we show that C*-homomorphisms from C*-algebras into C*-algebras are sums of *-homomorphisms and *-antihomomorphisms. We shall first modify Sherman's result that a representation of a C*-algebra has an ultra-weakly continuous extension to a representation of the second dual of the C*-algebra. Thus cb** is a C*-homomorphism ; the proof is complete.
Kadison [9, Theorem 10] has shown that a C*-homomorphism of a von Neumann algebra onto a C*-algebra is in a strong sense the sum of a *-homomorphism and a *-anti-homomorphism. However, he proved more. The proof of the next lemma is a slight modification of his proof. Lemma 3.2. Let 21 foe a von Neumann algebra and cb a C*-homomorphism of 21 into the bounded operators on a Hubert space. Let 23 foe the C*-algebra generated fo_yc6(2i)-Then there exist twolorthogonal central projections E and F in 23 with E + F = I such that the mapcby: A->cb(A)E (resp. cb2: A-> cb(A)F) is a *-homomorphism (resp. *-anti-homomorphism),and cb = cby + cb2 as linear maps.
Proof. As in Kadison's proof we may assume 21 is an n x n matrix ring over a von Neumann algebra with n ^ 2. Let 9Î be the (purely algebraic) ring generated by c6(2I). Then 5R is a »-algebra. In fact, if A e 9Î then A = I/L JJJ» ycb(Ai}) with A¡j si2I. Hence a* -z n «Atp-i n *45>6*.
By [7, Theorem 7] there exist central idempotents £ and F in 9Î such that eby = Eeb is a homomorphism and eb2 = F(/> is an anti-homomorphism, E + F = I, and eb = eby + eb2. Since £ and F are central and 9t is a *-algebra, £*, F* e 9Î, hence commute with £ and F. Thus £ and F are projections. Thus epyiA*) = £$L4*) = EepiA)* = iEebiA))* = ebyiA)*, and eby is a *-homomorphism. Similarly ep2 is a *-anti-homomorphism. Since 9Î is uniformly dense in 33, £ and F are central in S3. The proof is complete.
We are now in position to show that every C*-homomorphism from one C*-algebra into another is the sum of a *-homomorphism and a ^anti-homomorphism. More specifically we have Theorem 3.3. Let 31 be a C*-algebra and eb a C*-homomorphism of 31 into the bounded operators on a Hubert space. Let 33 be the C*-algebra generated by </>(3l). Then there exist two orthogonal central projections E and F in 33 ~ such that the map eby : A -> epiA)E (resp. eb2: A-* eb(A)F) is a *-homomorphism (resp. *-anti-homomorphism), E + F = I, and eb = eby + ep2 as linear maps.
Proof. By Lemma 3.1, eb has an ultra-weakly continuous extension to a C*-homomorphism ep**: 31** -»S3-. An application of Lemma 3.2 completes the proof, as it is clear that £ and F will be central in 33 ~. Proof. Let 31 and 33 be C*-algebras and ep a C*-isomorphism of 31 into 33 such that 33 equals the C*-algebra generated by </>(3f). Since ef> is a *-isomorphism on every commutative C*-subalgebra of 31, </> | 3IS/1 is in particular an isometry. Recall that the structure space of a C*-algebra is the set of its primitive ideals equipped with the hull-kernel topology. Its influence on C*-homomorphisms is seen in Corollary 3.8. Let 21 and23 foe C*-algebras and cb a C*-homomorphism o/2I into 23 such that 23 equals the C*-algebra generated by c6(2l). Assume 23 has no nonzero abelian representations and that its structure space is connected. Then cb is either a homomorphism or an anti-homomorphism.
Proof. Let Z denote the structure space of 23. If P e Z denote by pP the canonical map 23 -* 23 / P. Note that if two homomorphisms \b and n of 23 have the same kernels then if/ o cb is a homomorphism (resp. anti-homomorphism) if and only if n o cb is a homomorphism (resp. anti-homomorphism), because \¡/ o cb is a homomorphism (resp. anti-homomorphism) if and only if cb(AB) -cb(A)cb(B) (resp. cb(AB) -cb(B)cb(A)) belongs to kernel ib for all ^4,ß in 21. Thus the sets X (resp. Y) = {PeZ: pP o cb is a homomorphism (resp. anti-homomorphism) of 21} are well defined disjoint subsets of Z, since 23 has no one-dimensional representations. By Corollary 3.4, Z = X u Y. If either lor Y is empty we are through.
Assume X ^ cp ^ Y. Let X = Ç) {P: P e X}. Let P e Z, P z> X. Then pP o cb is a homomorphism, since cb(AB) -cp(A)ch(B)e Xfor all A,Be%. Thus PeX, and X is closed. Similarly Yis closed. But 7= Xcis open, hence 7= Z, since Z is connected and 7#í>, thus Z=<5, a contradiction. Thus either X or Y is empty. The proof is complete.
